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1. Introduction
Hilbert C∗-modules are generalizations of Hilbert spaces by allowing the [9] inner product to take values in a C∗-
algebra rather than in the ﬁeld of complex numbers. But the theory of Hilbert C∗-modules is different from the theory
of Hilbert spaces, for example, no any closed submodule of a Hilbert C∗-module is complemented. The notion of frames
in Hilbert C∗-modules was introduced and some properties were investigated in [2,3,9,13]. Using the well-known Kasparov
stabilisation theorem [10] which states that any countably generated Hilbert C∗-module over A is unitarily equivalent with a
complemented submodule of HA , Frank and Larson [2] showed that any countably generated Hilbert module has a standard
normalized frame. In [13], Raeburn and Thompson showed that the Kasparov stabilisation theorem is valid for countably
generated Hilbert C∗-modules in the multiplier module. Also they deﬁned the concept of standard frame of multipliers for a
Hilbert C∗-module, and showed that every Hilbert C∗-module countably generated in the multiplier module admits a frame
of multipliers, thus generalizing results of Frank and Larson [2].
Pro-C∗-algebras are generalizations of C∗-algebras. Instead of being given by a single C∗-norm, the topology of a
pro-C∗-algebra is given by a directed family of C∗-seminorms. In the literature, pro-C∗-algebras have been given by dif-
ferent names such as b∗-algebras (C. Apostol), LMC∗-algebras (G. Lessner, K. Schmüdgen) or locally C∗-algebras (A. Inoue,
M. Fragoulopoulou, A. Mallios, etc.). Hilbert modules over pro-C∗-algebras were considered independently by Mallios and
Phillips [12]. Phillips showed that the Kasparov stabilisation theorem is valid for countably generated Hilbert modules over
metrizable pro-C∗-algebras and we showed that this theorem is valid for countably generated Hilbert modules over arbitrary
pro-C∗-algebras [6].
In this paper we extend some results about frames (of multipliers) for Hilbert C∗-modules from [2,3,13] in the context
of Hilbert modules over pro-C∗-algebras. The paper is organized as follows. In Section 2 we recall some facts about pro-
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84 M. Joit¸a / Topology and its Applications 156 (2008) 83–92C∗-algebras [1,12] and Hilbert modules over pro-C∗-algebras [7,12]. In Section 3, we introduce the concept of frame of
multipliers for Hilbert modules over pro-C∗-algebras and prove that any Hilbert module over a pro-C∗-algebra countably
generated in the multiplier module admits a standard normalized frame of multipliers. Also we show that the reconstruction
formula is valid for standard normalized frames of multipliers and the existence of the frame transform. It is known that
if the bounded part b(E) of a Hilbert module E over a pro-C∗-algebra A is a Hilbert C∗-module over b(A), and if b(E) is
countably generated in the multiplier module, then E is countably generated in the multiplier module. We show that if b(E)
admits a standard frame of multipliers, then E admits a standard frame of multipliers. In Section 4, we introduce the notion
of dual frame of multipliers and prove a necessary and suﬃcient condition for that two frames of multipliers are dual to
each other.
2. Preliminaries
Let A be a pro-C∗-algebra. The set S(A) of all continuous C∗-seminorms on A is directed (p  q if p(a)  q(a) for
all a ∈ A). For each p ∈ S(A), the quotient ∗-algebra A/ker p, where ker p = {a ∈ A; p(a) = 0}, denoted by Ap , is a C∗-
algebra in the C∗-norm induced by p. The canonical map from A onto Ap is denoted by π Ap . For p,q ∈ S(A) with p  q,
there is a canonical surjective morphism of C∗-algebras π Apq : Ap → Aq such that π Apq(π Ap (a)) = π Aq (a) for all a ∈ A, and
{Ap;π Apq}p,q∈S(A),pq is an inverse system of C∗-algebras. Moreover, the pro-C∗-algebras A and lim←−p∈S(A) Ap can be identi-
ﬁed.
An element a ∈ A is bounded if
‖a‖∞ = sup
{
p(a); p ∈ S(A)}< ∞.
The set b(A) of all bounded elements in A is a C∗-algebra in the C∗-norm ‖ · ‖∞ . Moreover, b(A) is dense in A.
Here we recall some facts about Hilbert modules over pro-C∗-algebras from [7,12].
Deﬁnition 2.1. A pre-Hilbert A-module is a complex vector space E which is also a right A-module, compatible with the
complex algebra structure, equipped with an A-valued inner product 〈·,·〉E : E × E → A which is C- and A-linear in its
second variable and satisﬁes the following relations:
(1) 〈ξ,η〉∗E = 〈η, ξ〉E for every ξ,η ∈ E;
(2) 〈ξ, ξ〉E  0 for every ξ ∈ E;
(3) 〈ξ, ξ〉E = 0 if and only if ξ = 0.
We say that E is a Hilbert A-module if E is complete with respect to the topology determined by the family of semi-
norms {pE }p∈S(A) where pE (ξ) = √p(〈ξ, ξ〉E ), ξ ∈ E .
An element ξ in a Hilbert A-module E is bounded if
‖ξ‖∞ = sup
{
pE (ξ); p ∈ S(A)
}
< ∞.
The set b(E) of all bounded elements is a Hilbert b(A)-module which is dense in E .
A Hilbert A-module E is countably generated if there is a countable set {ξn}n in E such that the submodule of E
generated by {ξna; a ∈ A, n = 1,2, . . .} is dense in E .
If A is a pro-C∗-algebra, then A is a Hilbert A-module with 〈a,b〉A = a∗b, and the set HA of all sequences (an)n with
an ∈ A such that ∑n a∗nan converges in A is a Hilbert A-module with the action of A on HA deﬁned by (an)nb = (anb)n and
the inner product deﬁned by 〈(an)n, (bn)n〉HA =
∑
n a
∗
nbn. Moreover, if A has a countable approximate unit, then the Hilbert
A-modules A and HA are countably generated.
Let E be a Hilbert A-module. For p ∈ S(A), the quotient vector space E/ker(pE ), where ker(pE ) = {ξ ∈ E; pE (ξ) = 0}, de-
noted by Ep , is a Hilbert Ap-module with (ξ +ker(pE ))π Ap (a) = ξa+ker(pE ) and 〈ξ +ker(pE), η+ker(pE )〉Ep = π Ap (〈ξ,η〉E ).
The canonical map from E onto Ep is denoted by σ Ep . For p,q ∈ S(A) with p  q there is a canonical surjective mor-
phism of vector spaces σ Epq from Ep onto Eq such that σ
E
pq(σ
E
p (ξ)) = σ Eq (ξ) for all ξ ∈ E , and {Ep; Ap;σ Epq,π Apq}p,q∈S(A), pq
is an inverse system of Hilbert C∗-modules in the following sense: σ Epq(ξpap) = σ Epq(ξp)π Apq(ap), ξp ∈ Ep , ap ∈ Ap ;
〈σ Epq(ξp),σ Epq(ηp)〉Eq = π Apq(〈ξp, ηp〉Ep ), ξp, ηp ∈ Ep ; σ Epp(ξp) = ξp , ξp ∈ Ep and σ Eqr ◦ σ Epq = σ Epr if p  q  r. The Hilbert
A-modules lim←−p∈S(A) Ep and E can be identiﬁed.
Given two Hilbert A-modules E and F , a module morphism T : E → F is continuous if for each p ∈ S(A) there is
Mp > 0 such that pF (T ξ) MppE(ξ) for all ξ ∈ E , and it is adjointable if there is a module morphism T ∗ : F → E such that
〈T ξ,η〉 = 〈ξ, T ∗η〉 for every ξ ∈ E and η ∈ F . Any adjointable module morphism is continuous. The set of all adjointable
module morphisms from E to F is denoted by L(E, F ). For each p ∈ S(A), there is a linear map (π E,Fp )∗ : L(E, F ) → L(Ep, F p)
deﬁned by(
π E,Fp
)
(T )
(
σ Ep (ξ)
)= σ Fp (T (ξ))∗
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the family of seminorms {˜pL(E,F )}p∈S(A) , where p˜L(E,F )(T ) = ‖(π E,Fp )∗(T )‖L(Ep ,F p), T ∈ L(E, F ). If E = F , L(E, E) is denoted
by L(E) and it is a pro-C∗-algebra.
For p,q ∈ S(A) with p  q, there is a linear map (π E,Fpq )∗ : L(Ep, F p) → L(Eq, Fq) such that(
π E,Fpq
)
∗(T p)
(
σ Eq (ξ)
)= σ Fpq(T p(σ Ep (ξ)))
for all T p ∈ L(Ep, F p) and ξ ∈ E , and {L(Ep, F p); (π E,Fpq )∗}p,q∈S(A),pq is an inverse system of Banach spaces. Moreover, the
complete locally convex spaces lim←−p∈S(A) L(Ep, F p) and L(E, F ) are isomorphic.
The set b(L(E, F )) of all bounded elements in L(E, F ) (T ∈ b(L(E, F )) if sup{˜pL(E,F )(T ); p ∈ S(A)} < ∞), is a Banach
space which is isomorphic with L(b(E),b(F )).
Now we recall some facts about multiplier modules from [8,13]. The set L(A, E) of all adjointable module morphisms
from A to E is a Hilbert L(A)-module with the action of L(A) on L(A, E) deﬁned by
L(A, E) × L(A)  (T , S) → T · S = T ◦ S ∈ L(A, E)
and the inner product deﬁned by
L(A, E) × L(A, E)  (T , R) → 〈T , S〉 = T ∗ ◦ S ∈ L(A).
Since the locally pro-C∗-algebras L(A) and M(A), the multiplier algebra of A, can be identiﬁed [12,7], the Hilbert L(A)-
module L(A, E) can be regarded as a Hilbert M(A)-module. The Hilbert M(A)-module L(A, E) is called the multiplier module
of E and it is denoted by M(E). Moreover, the topology on M(E) induced by the inner product coincides with the topology
deﬁned by the family of seminorms {pM(E)}p∈S(A) , with
pM(E)(h) = p˜L(A,E)(h)
for all h ∈ M(E) and for all p ∈ S(A). The map iE : E → M(E) deﬁned by
iE(ξ)(a) = ξa, ξ ∈ E, a ∈ A
identiﬁes E with a Hilbert submodule of M(E) and then
〈h, ξ〉M(E) = h∗(ξ)
for all h ∈ M(E) and ξ ∈ E . Moreover, if a ∈ A and h ∈ M(E), then h · a can be identiﬁed with h(a).
Deﬁnition 2.2. A Hilbert A-module E is countably generated in M(E) if there is a countable set {hn; hn ∈ M(E), n = 1,2, . . .}
such that the closed submodule of M(E) generated by {hn · a; a ∈ A, n = 1,2, . . .} is the whole of E .
Remark 2.3. If the Hilbert A-module E is countably generated in M(E), then, for each p ∈ S(A), {(π A,Ep )∗(hn);
hn ∈ M(E), n = 1,2, . . .} ⊆ M(Ep) is a generating set for Ep , since (π A,Ep )∗(hn) · π Ap (a) = σ Ep (hn · a) for all n = 1,2, . . . ,
and for all a ∈ A, and since σ Ep (E) = Ep . Therefore the Hilbert Ap-module Ep is countably generated in M(Ep) for each
p ∈ S(A).
Example 2.4. If A is a pro-C∗-algebra, then the Hilbert A-module A is countably generated in M(A), {1M(A)} being a
generating set.
Example 2.5. For any pro-C∗-algebra A, the Hilbert A-module HA is countably generated in M(HA).
Indeed, for each positive integer n consider the linear map en : A → HA by en(a) = (0, . . . ,0,a,0, . . .), the element in HA
whose all the components are 0 excepts at nth component which is a. Clearly, en is a module morphism. Moreover, en is
adjointable and e∗n((am)m) = an .
Let (an)n ∈ HA . Since
pHA
(
(an)n −
m∑
k=1
ek · ak
)2
= p
( ∞∑
k=m+1
a∗kak
)
for all p ∈ S(A) and for all positive integers m, (an)n =∑k ek · ak. Therefore, the Hilbert submodule of M(HA) generated by{em · a; a ∈ A, m = 1,2, . . .} is HA , and so {em, m = 1,2, . . .} ⊆ M(HA) is a generating set for HA .
Remark 2.6. If E is a countably generated Hilbert A-module, then E is countably generated in M(E).
In general, E is not countably generated when E is countably generated in M(E).
Example. Let A be a pro-C∗-algebra which does not have a countable approximate unit. We have seen that the Hilbert
A-module A is countably generated in M(A) but it is not countably generated.
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3. Frame transform and reconstruction frame
Let E be a Hilbert A-module.
Deﬁnition 3.1. A sequence {hn}n in M(E) is a standard frame of multipliers in E if for each ξ ∈ E , ∑n〈ξ,hn〉M(E)〈hn, ξ〉M(E)
converges in A, and there are two positive constants C and D such that
C〈ξ, ξ〉E 
∑
n
〈ξ,hn〉M(E)〈hn, ξ〉M(E)  D〈ξ, ξ〉E
for all ξ ∈ E . If D = C = 1 we say that {hn}n is a standard normalized frame of multipliers.
Remark 3.2. Let {hn}n be a sequence in M(E). If {hn}n is a standard frame of multipliers in E , then {(π A,Ep )∗(hn)}n is a
standard frame of multipliers in Ep for each p ∈ S(A).
Remark 3.3. Let {hn}n be a sequence in M(E). Then {hn}n is a standard normalized frame of multipliers in E if and only if
{(π A,Ep )∗(hn)}n is a standard normalized frame of multipliers in Ep for each p ∈ S(A).
Remark 3.4. If {hn}n is a standard frame of multipliers in E , then hn ∈ b(M(E)) for all positive integers n.
Indeed, let ξ ∈ b(E) and let m be a positive integer. From
0 〈ξ,hm〉M(E)〈hm, ξ〉M(E) 
∑
n
〈ξ,hn〉M(E)〈hn, ξ〉M(E)  D〈ξ, ξ〉E
and [4], we deduce that
p
(〈hm, ξ〉M(E))2  Dp(〈ξ, ξ〉E)
for all p ∈ S(A). Then
pA
(
h∗m(ξ)
)2  DpE (ξ)2  D‖ξ‖2∞
for all p ∈ S(A). This implies that h∗m ∈ b(M(E)). Therefore hm ∈ b(M(E)).
Example 3.5. For any pro-C∗-algebra, {en}n is a standard normalized frame of multipliers in HA . Indeed, if (an)n ∈ HA then,
since 〈
(am)m, en
〉
M(HA )
〈
en, (am)m
〉
M(HA )
= a∗nan
for each positive integer n, we have∑
n
〈
(am)m, en
〉
M(HA )
〈
en, (am)m
〉
M(HA)
=
∑
n
a∗nan =
〈
(am)m, (am)m
〉
HA
and so {en}n is a standard normalized frame of multipliers in HA .
Proposition 3.6. Any countably generated Hilbert A-module E in M(E) admits a standard normalized frame of multipliers.
Proof. Indeed, let P : HA → E be the projection of HA on E [8, Theorem 4.2]. Then {(π HA ,Ep )∗(P ) ◦ (π A,HAp )∗(en)}n is a
standard normalized frame of multipliers in Ep for each p ∈ S(A) [13, Corollary 3.3]. From this fact, Remark 3.3 and taking
into account that (π HA ,Ep )∗(P ) ◦ (π A,HAp )∗(en) = (π A,Ep )∗(P ◦ en) for all n and for all p ∈ S(A) we conclude that {P ◦ en}n is
a standard normalized frame of multipliers in E . 
Theorem 3.7 (The reconstruction formula). Let E be a countably generated Hilbert A-module in M(E) and let {hn}n be a sequence
in M(E). Then {hn}n is a standard normalized frame of multipliers if and only if for all ξ ∈ E,∑n hn · 〈hn, ξ〉M(E) converges in E and
moreover,
ξ =
∑
n
hn · 〈hn, ξ〉M(E).
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n(π
A,E
p )∗(hn) · 〈(π A,Ep )∗(hn),σ Ep (ξ)〉M(E) converges in Ep for all ξ ∈ E and for each p ∈ S(A), and moreover,
σ Ep (ξ) =
∑
n
(
π A,Ep
)
∗(hn) ·
〈(
π A,Ep
)
∗(hn),σ
E
p (ξ)
〉
M(E).
From this fact and taking into account that
pE
(
ξ −
n∑
k=1
hk · 〈hk, ξ〉M(E)
)
=
∥∥∥∥∥σ Ep (ξ) − σ Ep
(
n∑
k=1
hk · 〈hk, ξ〉M(E)
)∥∥∥∥∥
Ep
=
∥∥∥∥∥σ Ep (ξ) −
n∑
k=1
(
π A,Ep
)
∗(hk) ·
〈(
π A,Ep
)
∗(hk),σ
E
p (ξ)
〉
M(E)
∥∥∥∥∥
Ep
for all ξ ∈ E , for all p ∈ S(A) and for all positive integers n, we deduce that {hn}n is a standard normalized frame of
multipliers in E if and only if
∑
n hn · 〈hn, ξ〉M(E) converges in E for all ξ ∈ E , and moreover, ξ =
∑
n hn · 〈hn, ξ〉M(E) for all
ξ ∈ E . 
Remark 3.8. If {hn}n is a standard normalized frame of multipliers in E , then ∑n(hn ◦ h∗n)(ξ) = ξ for all ξ ∈ E , since
(hn ◦ h∗n)(ξ) = hn · 〈hn, ξ〉M(E) for each positive integer n. Therefore, {hn}n is a standard normalized frame of multipliers
in E if and only if
∑
n(hn ◦ h∗n)(ξ) converges in E for each ξ ∈ E and moreover,
∑
n(hn ◦ h∗n)(ξ) = ξ .
Corollary 3.9. If b(E) admits a standard normalized frame of multipliers, then E admits a standard normalized frame of multipliers.
Proof. We will show that if {hn}n is a standard normalized frame of multipliers in b(E), then {h˜n}n , where h˜n is the
extension of hn to an element in M(E), is a standard normalized frame of multipliers in E .
Let ξ ∈ E , p ∈ S(A) and ε > 0. Since b(E) is dense in E , there is ξ0 ∈ b(E) such that pE(ξ − ξ0) ε/3. Since {hn}n is a
standard normalized frame of multipliers in b(E), there is n0 such that∥∥∥∥∥ξ0 −
n∑
k=1
(
hk ◦ h∗k
)
(ξ0)
∥∥∥∥∥∞  ε/3
for all n with n n0. Then
pE
(
ξ −
n∑
k=1
(
h˜k ◦ h˜k∗
)
(ξ)
)
 pE(ξ − ξ0) + pE
(
ξ0 −
n∑
k=1
(
hk ◦ h∗k
)
(ξ0)
)
+ pE
(
n∑
k=1
(
h˜k ◦ h˜k∗
)
(ξ − ξ0)
)
 ε/3+
∥∥∥∥∥ξ0 −
n∑
k=1
(
hk ◦ h∗k
)
(ξ0)
∥∥∥∥∥∞ + p˜L(E)
(
n∑
k=1
h˜k ◦ h˜k∗
)
pE(ξ − ξ0)
 ε/3
(
2+
∥∥∥∥∥
n∑
k=1
h˜k ◦ h˜k∗
∥∥∥∥∥∞
)
= ε/3
(
2+
∥∥∥∥∥
n∑
k=1
hk ◦ h∗k
∥∥∥∥∥
)
 ε
for all n with n  n0. This shows that
∑
n(h˜n ◦ h˜n∗)(ξ) converges to ξ in E for each ξ ∈ E and so {h˜n}n is a standard
normalized frame of multipliers in E 
If {hn}n is a standard frame of multipliers in E , then ∑n〈ξ,hn〉M(E)〈hn, ξ〉M(E) converges in E for all ξ ∈ E . From this fact
and taking into account that 〈hn, ξ〉M(E) ∈ A for all positive integers n, we conclude that (〈hn, ξ〉M(E))n ∈ HA . Thus we can
deﬁne a linear map θ : E → HA by
θ(ξ) = (〈hn, ξ〉M(E))n.
Moreover, θ is a continuous module morphism, since
θ(ξa) = (〈hn, ξa〉M(E))n = (〈hn, ξ〉M(E)a)n = θ(ξ)a
for all ξ ∈ E and for all a ∈ A and
pHA
(
θ(ξ)
)2 = p(∑
n
〈ξ,hn〉M(E)〈hn, ξ〉M(E)
)
 C pE(ξ)2
for all ξ ∈ E and for all p ∈ S(A).
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(〈hn, ξ〉M(E))n is called the frame transform for {hn}n .
Theorem 3.11 (The frame transform). Let E be a countably generated Hilbert A-module in M(E) and let {hn}n be a standard frame
of multipliers in E. The frame transform θ is an adjointable module morphism which realizes an embedding of E onto an orthogonal
summand of H A , and θ∗ ◦ en = hn for all n. Moreover, θ∗ ◦ θ is an invertible element in b(L(E)).
Proof. Since {hn}n is a standard frame of multipliers in E , {((π A,Ep )∗(hn))}n is a standard frame of multipliers in Ep for each
p ∈ S(A). Let p ∈ S(A). The frame transform for {((π A,Ep )∗(hn))}n is an adjointable operator θp : Ep → HAp deﬁned by
θp
(
σ Ep (ξ)
)= (〈(π A,Ep )∗(hn),σ Ep (ξ)〉M(Ep ))n.
Moreover, θp preserves the inner product and θ∗p ◦ (π A,HAp )∗(en) = (π A,Ep )∗(hn) [13, Theorem 3.5]. Since(
π
E,HA
pq
)
∗(θp) = θq
for all p,q ∈ S(A) with p  q, there is θ ∈ L(E, HA) such that(
π
E,HA
p
)
∗(θ) = θp
for all p ∈ S(A). Clearly
θ(ξ) = (〈hn, ξ〉M(E))n
for all ξ ∈ E . Therefore θ is the frame transform for {hn}n . Moreover, θ preserves the inner product and θ∗ ◦ en = hn for all n.
From
C pE(ξ)
2 = Cp(〈ξ, ξ〉E) p(∑
n
〈ξ,hn〉M(E)〈hn, ξ〉M(E)
)
= pHA
(
θ(ξ)
)2  Dp(〈ξ, ξ〉E)= DpE (ξ)2
for all p ∈ S(A) and for all ξ ∈ E , we conclude that θ is an injective adjointable module morphism from E to HA with
closed range. Moreover, θ ∈ b(L(E, HA)). By [5, Theorem 2.2], θ(E) has an orthogonal complement in HA, θ∗ is surjective
and the restriction θ∗|θ(E) of θ∗ on θ(E) is an invertible element in b(L(θ(E), HA). Then θ∗ ◦ θ is invertible, and moreover,
θ∗ ◦ θ ∈ b(L(E)). 
Theorem3.12. Let E be a countably generated Hilbert A-module in M(E) and let {hn}n be a sequence in M(E). Then {hn}n is a standard
frame of multipliers in E if and only if there is an invertible element T in b(L(E)) such that {T ◦ hn}n is a standard normalized frame of
multipliers in E.
Proof. Suppose that {hn}n is a standard frame of multipliers in E . Let θ be the frame transform. Then θ∗ ◦ θ , and so
(θ∗ ◦ θ)− 12 , is an invertible element in b(L(E)). Let ξ ∈ E . Then there is η ∈ E such that (θ∗ ◦ θ) 12 (η) = ξ and
〈ξ, ξ〉E =
〈
(θ∗ ◦ θ) 12 (η), (θ∗ ◦ θ) 12 (η)〉E = 〈θ(η), θ(η)〉HA
=
∑
n
〈η,hn〉M(E)〈hn, η〉M(E)
=
∑
n
〈
(θ∗ ◦ θ)− 12 (ξ),hn
〉
M(E)
〈
hn, (θ
∗ ◦ θ)− 12 (ξ)〉M(E)
=
∑
n
〈
ξ, (θ∗ ◦ θ)− 12 ◦ hn
〉
M(E)
〈
(θ∗ ◦ θ)− 12 ◦ hn, ξ
〉
M(E).
Therefore {(θ∗ ◦ θ)− 12 ◦ hn}n is a standard normalized frame of multipliers in E .
Conversely, suppose that there is an invertible element T in b(L(E)) such that {T ◦ hn}n is a standard normalized frame
of multipliers in E . Since T ∈ b(L(E)),
π Ap
(〈
T (ξ), T (ξ)
〉
E
)= 〈(π E,Ep )∗(T )(σ Ep (ξ)), (π E,Ep )∗(T )(σ Ep (ξ))〉Ep (see, for example, [11, Proposition 1.2])

∥∥(π E,Ep )∗(T )∥∥2〈σ Ep (ξ),σ Ep (ξ)〉Ep
= p˜L(E)(T )2π Ap
(〈ξ, ξ〉E)
 ‖T‖2∞π Ap
(〈ξ, ξ〉E)
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T (ξ), T (ξ)
〉
E  ‖T‖2∞〈ξ, ξ〉E
for all ξ ∈ E. Then, since T is invertible we have
‖T‖−2∞ 〈ξ, ξ〉E 
〈
(T ∗)−1(ξ), (T ∗)−1(ξ)
〉
E 
∥∥T−1∥∥2∞〈ξ, ξ〉E
for all ξ ∈ E . From these relations and taking into account that〈
(T ∗)−1(ξ), (T ∗)−1(ξ)
〉
E
=
∑
n
〈
(T ∗)−1(ξ), T ◦ hn
〉
M(E)
〈
T ◦ hn, (T ∗)−1(ξ)
〉
M(E)
= lim
n
n∑
k=1
〈
(T ∗)−1(ξ), T ◦ hk
〉
M(E)
〈
T ◦ hk, (T ∗)−1(ξ)
〉
M(E)
= lim
n
n∑
k=1
〈
ξ, T−1 ◦ (T ◦ hk)
〉
M(E)
〈
T−1 ◦ (T ◦ hk), ξ
〉
M(E)
= lim
n
n∑
k=1
〈ξ,hk〉M(E)〈hk, ξ〉M(E)
for all ξ ∈ E , we deduce that {hn}n is a standard frame of multipliers in E . 
Corollary 3.13. If b(E) admits a standard frame of multipliers, then E admits a standard frame of multipliers.
Proof. Let {hn}n be a standard frame of multipliers in b(E). By Theorem 3.12 there is an invertible element T ∈ L(b(E))
such that {T ◦hn}n is a standard normalized frame of multipliers in b(E). Since T˜ ◦ hn = T˜ ◦ h˜n (T˜ ◦ hn denotes the extension
of T ◦ hn to an element in M(E)) for each positive integer n, by Corollary 3.9, {T˜ ◦ h˜n}n is a standard normalized frame of
multipliers in E , and then, by Theorem 3.12, {h˜n}n is a standard frame of multipliers in E , since T˜ is an invertible element
in b(L(E)). 
4. Dual frames
Lemma 4.1. Let E be a countably generated Hilbert A-module in M(E), let {hn}n be a standard frame of multipliers in E, and let S be
an invertible positive element in b(L(E)). Then {S ◦ hn}n is a standard frame of multipliers in E.
Proof. Let ξ ∈ E . Since
n∑
k=1
〈ξ, S ◦ hk〉M(E)〈S ◦ hk, ξ〉M(E) =
n∑
k=1
〈
S∗(ξ),hk
〉
M(E)
〈
hk, S
∗(ξ)
〉
M(E)
and since {hn}n is a standard frame of multipliers in E , ∑n〈ξ, S ◦ hn〉M(E)〈S ◦ hn, ξ〉M(E) converges in A. Moreover,
C
〈
S∗(ξ), S∗(ξ)
〉
E 
∑
n
〈ξ, S ◦ hn〉M(E)〈S ◦ hn, ξ〉M(E)  D
〈
S∗(ξ), S∗(ξ)
〉
E .
Since S is an invertible positive element in b(L(E)), S∗ is an invertible element in b(L(E)) and then∥∥S−1∥∥−2∞ 〈ξ, ξ〉E  〈S∗(ξ), S∗(ξ)〉E  ‖S‖2∞〈ξ, ξ〉E .
From these facts we conclude that {S ◦ hn}n is a standard frame of multipliers in E . 
Remark 4.2. Let E be a countably generated Hilbert A-module in M(E), let {hn}n be a standard frame of multipliers in E .
If θ is the frame transform of {hn}n, then, by Theorem 3.11, (θ∗ ◦ θ)−1 is an invertible positive element in b(L(E)) and
by Lemma 4.1, {(θ∗ ◦ θ)−1 ◦ hn}n is a standard frame of multipliers in E . Let ξ ∈ E . Since {(θ∗ ◦ θ)− 12 ◦ hn}n is a standard
normalized frame of multipliers in E (the proof of Theorem 3.12) we have
(θ∗ ◦ θ)− 12 (ξ) =
∑
n
(θ∗ ◦ θ)− 12 ◦ hn ·
〈
(θ∗ ◦ θ)− 12 ◦ hn, (θ∗ ◦ θ)− 12 (ξ)
〉
M(E).
From this fact and Theorem 3.7, we obtain
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= (θ∗ ◦ θ) 12
(∑
n
(θ∗ ◦ θ)− 12 ◦ hn ·
〈
(θ∗ ◦ θ)− 12 ◦ hn, (θ∗ ◦ θ)− 12 (ξ)
〉
M(E)
)
= (θ∗ ◦ θ) 12
(∑
n
(θ∗ ◦ θ)− 12 ◦ hn ·
〈
(θ∗ ◦ θ)−1 ◦ hn, ξ
〉
M(E)
)
= (θ∗ ◦ θ) 12
(
lim
n
n∑
k=1
(θ∗ ◦ θ)− 12 ◦ hk ·
〈
(θ∗ ◦ θ)−1 ◦ hk, ξ
〉
M(E)
)
= lim
n
n∑
k=1
hk ·
〈
(θ∗ ◦ θ)−1 ◦ hk, ξ
〉
M(E).
This shows that
∑
n hn · 〈(θ∗ ◦ θ)−1 ◦ hn, ξ〉M(E) converges to ξ.
Deﬁnition 4.3. Let E be a countably generated Hilbert A-module in M(E), let {hn}n be a standard frame of multipliers in E .
We say that a standard frame of multipliers {tn}n in E is a dual frame of multipliers of {hn}n if ∑n hn · 〈tn, ξ〉M(E) converges
in E for all ξ ∈ E and moreover,
ξ =
∑
n
hn · 〈tn, ξ〉M(E).
The standard frame of multipliers {(θ∗ ◦ θ)−1 ◦ hn}n in E , where θ is the frame transform of {hn}n , is called the canonical
dual frame of multipliers of {hn}n and (θ∗ ◦ θ)−1 is said the frame operator of the standard frame of multipliers {hn}n .
Theorem 4.4 (Reconstruction formula). Let E be a countably generated Hilbert A-module in M(E) and let {hn}n be a standard frame
of multipliers in E. Then there is a unique invertible positive element S ∈ b(L(E)) such that∑n hn · 〈S ◦ hn, ξ〉M(E) converges in E and
moreover,
ξ =
∑
n
hn · 〈S ◦ hn, ξ〉M(E)
for all ξ ∈ E.
Proof. By Theorem 3.12 there is an invertible element T ∈ b(L(E)) such that {T ◦ hn}n is a standard normalized frame of
multipliers in E . By Theorem 3.7, for each ξ ∈ E, ∑n T ◦ hn · 〈T ◦ hn, ξ〉M(E) converges in E for each ξ ∈ E , and moreover,
ξ =
∑
n
T ◦ hn · 〈T ◦ hn, ξ〉M(E).
Then
pE
(
ξ −
n∑
k=1
hk · 〈S ◦ hk, ξ〉M(E)
)
= pE
(
ξ −
n∑
k=1
hk ·
〈
T ◦ hk, T (ξ)
〉
M(E)
)
= pE
(
T−1
(
T (ξ) −
n∑
k=1
T ◦ hk ·
〈
T ◦ hk, T (ξ)
〉
M(E)
))
 p˜L(E)
(
T−1
)
pE
(
T (ξ) −
n∑
k=1
T ◦ hk ·
〈
T ◦ hk, T (ξ)
〉
M(E)
)

∥∥T−1∥∥∞pE
(
T (ξ) −
n∑
k=1
T ◦ hk ·
〈
T ◦ hk, T (ξ)
〉
M(E)
)
for all ξ ∈ E , for all p ∈ S(A) and for all positive integers n. From this fact and taking into account that
T (ξ) =
∑
n
T ◦ hn ·
〈
T ◦ hn, T (ξ)
〉
M(E)
for all ξ ∈ E , we deduce that ∑n hn · 〈(T ∗ ◦ T ) ◦ hn, ξ〉M(E) converges in E , and moreover,
ξ =
∑
hn ·
〈
(T ∗ ◦ T ) ◦ hn, ξ
〉
M(E).n
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ξ =∑n hn · 〈S ◦ hn, ξ〉M(E) for all ξ ∈ E.
To show that S is unique with the above properties, suppose that there are two positive invertible elements S1 and S2
in b(L(E)) such that for each ξ ∈ E , ∑n hn · 〈S1 ◦ hn, ξ〉M(E) and ∑n hn · 〈S2 ◦ hn, ξ〉M(E) converge in E , and
ξ =
∑
n
hn · 〈S1 ◦ hn, ξ〉M(E) =
∑
n
hn · 〈S2 ◦ hn, ξ〉M(E).
Then
ξ =
∑
n
hn · 〈S1 ◦ hn, ξ〉M(E) =
∑
n
hn ·
〈
S1 ◦ S−12 ◦ S2 ◦ hn, ξ
〉
M(E)
=
∑
n
hn ·
〈
S2 ◦ hn,
(
S−12 ◦ S1
)
(ξ)
〉
M(E) =
(
S−12 ◦ S1
)
(ξ)
for all ξ ∈ E . This implies that S1 = S2 and the uniqueness is proved. 
Remark 4.5. The canonical dual frame of multipliers of a given standard frame of multipliers is unique.
Proposition 4.6. Let E be a countably generated Hilbert A-module in M(E) and let {hn}n and {tn}n be two standard frames of multi-
pliers in E with the frame transforms θ1 and θ2 . Then these frames of multipliers are dual to each other if and only if θ∗1 ◦ θ2 = idE .
Proof. First we suppose that the standard frames of multipliers {hn}n and {tn}n are dual to each other. Then〈(
θ∗1 ◦ θ2
)
(ξ),η
〉
E =
〈
θ2(ξ), θ1(η)
〉
HA
=
∑
n
〈ξ, tn〉M(E)〈hn, η〉M(E) = lim
n
n∑
k=1
〈ξ, tk〉M(E)〈hk, η〉M(E)
= lim
n
〈
n∑
k=1
hk · 〈tk, ξ〉M(E), η
〉
M(E)
=
〈
lim
n
(
n∑
k=1
hk · 〈tk, ξ〉M(E)
)
, η
〉
M(E)
= 〈ξ,η〉E
for all ξ,η ∈ E, and so θ∗1 ◦ θ2 = idE .
Conversely, suppose that θ∗1 ◦ θ2 = idE . Let ξ. From
pE
( ∞∑
k=n+1
hk · 〈tk, ξ〉M(E)
)
= sup
{
p
(〈 ∞∑
k=n+1
hk · 〈tk, ξ〉M(E), η
〉
E
)
;η ∈ E, pE (η) 1
}
= sup
{
p
( ∞∑
k=n+1
〈ξ, tk〉M(E)〈hk, η〉M(E)
)
; η ∈ EpE (η) 1
}
 sup
{
p
( ∞∑
k=n+1
〈ξ, tk〉M(E)〈tk, ξ〉M(E)
) 1
2
p
( ∞∑
k=n+1
〈η,hk〉M(E)〈hk, η〉M(E)
) 1
2
; η ∈ E, pE(η) 1
}
 p
( ∞∑
k=n+1
〈ξ, tk〉M(E)〈tk, ξ〉M(E)
) 1
2
sup
{
p
(∑
n
〈η,hn〉M(E)〈hn, η〉M(E)
) 1
2
; η ∈ E, pE(η) 1
}
 p
( ∞∑
k=n+1
〈ξ, tk〉M(E)〈tk, ξ〉M(E)
) 1
2
sup
{
p
(
D1〈η,η〉E
) 1
2 ; η ∈ E, pE(η) 1
}
 D1p
( ∞∑
〈ξ, tk〉M(E)〈tk, ξ〉M(E)
) 1
2k=n+1
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converges in A.
Since
〈ξ,η〉E =
〈(
θ∗1 ◦ θ2
)
(ξ),η
〉
E =
∑
n
〈ξ, tn〉M(E)〈hn, η〉M(E)
for all η ∈ E , we have
p
(〈
ξ −
n∑
k=1
hk · 〈tk, ξ〉M(E), η
〉
E
)
= p
(
〈ξ,η〉 −
〈
n∑
k=1
hk · 〈tk, ξ〉M(E), η
〉
E
)
= p
(∑
n
〈ξ, tn〉M(E)〈hn, η〉M(E) −
〈
n∑
k=1
hk · 〈tk, ξ〉M(E), η
〉
E
)
= p
(∑
n
〈ξ, tn〉M(E)〈hn, η〉M(E) −
n∑
k=1
〈ξ, tk〉M(E)〈hk, η〉M(E)
)
= p
( ∞∑
k=n+1
〈ξ, tk〉M(E)〈hk, η〉M(E)
)
for all positive integers n, for all η ∈ E and for all p ∈ S(A) and since ∑n〈ξ, tn〉M(E)〈hn, η〉M(E) converges in A,
lim
n
〈
ξ −
n∑
k=1
hk · 〈tk, ξ〉M(E), η
〉
E
= 0
for all η ∈ E. From these facts, we deduce that ∑n hn · 〈tn, ξ〉M(E) converges to ξ and so the standard frames of multipliers{hn}n and {tn}n are dual to each other. 
Corollary 4.7. Let E be a countably generated Hilbert A-module in M(E). The canonical bi-dual frame of a standard frame of multipliers
{hn}n in E is the frame itself.
Proof. Let ξ ∈ E . If θ ′ is the frame transform of the dual frame of multipliers {(θ∗ ◦ θ)−1 ◦ hn}n, then
θ ′(ξ) = (〈(θ∗ ◦ θ)−1 ◦ hn, ξ 〉)n = (〈hn, (θ∗ ◦ θ)−1(ξ)〉)n
= θ((θ∗ ◦ θ)−1(ξ))= (θ ◦ (θ∗ ◦ θ)−1)(ξ).
This shows that θ ′ = θ ◦ (θ∗ ◦ θ)−1. A simple calculus show that(
(θ ′)∗ ◦ θ ′)−1 = θ∗ ◦ θ
and then(
(θ ′)∗ ◦ θ ′)−1 ◦ (θ∗ ◦ θ)−1 ◦ hn = hn
for all positive integers n. Moreover,
(θ ′)∗ ◦ θ = idE .
From these facts and Proposition 4.6, we conclude that the canonical bi-dual frame of multipliers of the standard frame of
multipliers {hn}n in E is the frame itself. 
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